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In dynamic nuclear polarization (DNP) experiments, the compound is driven out-of-equilibrium
by microwave (MW) irradiation of the radical electron spins. Their stationary state has been
recently probed via electron double resonance (ELDOR) techniques showing, at low temperature,
a broad depolarization of the electron paramagnetic resonance (EPR) spectrum under microwave
irradiation. In this theoretical manuscript, we develop a numerical method to compute exactly
the EPR spectrum in presence of dipolar interactions. Our results reproduce the observed broad
depolarisation and provide a microscopic justification for spectral diffusion mechanism. We show the
validity of the spin-temperature approach for typical radical concentration used in dissolution DNP
protocols. In particular once the interactions are properly taken into account, the spin-temperature
is consistent with the non-monotonic behavior of the EPR spectrum with a wide minimum around
the irradiated frequency.
I. INTRODUCTION
Nuclear Magnetic Resonance (NMR) allows to investi-
gate the time evolution of the nuclear magnetization in
the presence of a static magnetic field. The net magne-
tization per unit volume, and thus the available NMR
signal, is proportional to the population difference be-
tween adjacent nuclear Zeeman levels. Being the energy
separation between such levels very small with respect
to thermal energy, only few spins contribute to the sig-
nal which is therefore usually weak. Hence NMR spec-
troscopy is effective only at sufficiently high nuclear spin
concentrations.
Many scientific efforts have been made to overcome
this sensitivity limitation, leading to the so-called hyper-
polarization methods. The general concept behind these
experimental approaches is to force all the nuclear spins
of a given sample to stay on a single Zeeman level, in
order to maximize the population difference between the
levels. The most promising strategy nowadays is known
as Dynamic Nuclear Polarization (DNP) [1, 2]. In the
DNP protocol, the sample is doped with free radicals,
i.e. molecules with unpaired electrons. It is then subject
to a magnetic field and microwave irradiated. In absence
of microwaves, the electron spins are much more polar-
ized than the nuclear ones, as the electron gyromagnetic
ratio is thousands times larger than the nuclear one. In-
stead, when the microwaves are turned on, at a frequency
ωMW close to the electron Larmor frequency ωe, the in-
teracting system of electrons and nuclei organizes itself
in a new out-of-equilibrium steady state characterized by
a strong hyperpolarization of the nuclear spins.
In the last decade, DNP has allowed the achievement of
impressive results in many areas of science, ranging from
analytical applications [3] to the development of novel di-
agnostic methods [4]. In 2003, Ardenkjaer-Larsen and co-
workers developed a method to rapidly dissolve a sample,
hyperpolarized at about 1 Kelvin, in a solvent at room
temperature [5]. Many research groups worldwide are
currently exploring the novel diagnostic scenarios emerg-
ing from the use of hyperpolarized agents as metabolic
markers.
The enhancement of the nuclear polarization emerges
in the framework of a correlated quantum system far from
equilibrium and in weak thermal contact with the lattice.
Different DNP mechanisms can be specified according to
the typical parameters of the system. In particular, the
chemical shift and the g–factor anisotropies are responsi-
ble for the presence of local random magnetic fields which
introduce a spread on the resonance frequency of nuclei
and electrons, respectively. While the effect on the nu-
clei is small and, in practice one can reasonably assume
that all resonate at the same frequency ωn, the effect
on the electrons can be more significant. Accordingly
the electron spectrum, measured in electron paramag-
netic resonance (EPR) experiments, shows as character-
istic features a central frequency ωe and a non-negligible
width ∆ωe, depending on the local anisotropy. When
the nuclear frequency is much larger than the electron
linewidth, i.e. ωn  ∆ωe, the main mechanism for nu-
clear polarization is a two-particles process, known as
Solid Effect (SE). It proceeds via microwave-assisted for-
bidden transitions involving simultaneous flip-flops of one
electron and one nucleus. In this case, the polarization
transfer from electrons to nuclei occurs when the system
is irradiated outside the EPR spectrum at a frequency
ωe ± ωn. When the nuclear frequency is much smaller
than the electron linewidth ωn  ∆ωe, the polarization
transfer from the electrons to nuclei occurs when the the
EPR spectrum is effectively irradiated. In this case, the
simplest process inducing hyperpolarization involves two
electrons and is called cross effect [6]. When, instead,
these multi-spin resonances starts to involve many elec-
trons, one expects the thermal mixing regime, typically
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2achieved in biomedical applications. Its main experimen-
tal signature is that the different nuclear species in the
compound (13C, 15N, 89Y, . . .) cool down at the same
spin-temperature, which is much lower than the lattice
one [7, 8].
The hypothesis of a common spin-temperature relies
on experimental observations and allows for explicit cal-
culations [9–12], but is phenomenological in nature and
its microscopic origin is still rather controversial [13].
With a renewed interest for DNP applications an im-
portant theoretical effort has been devoted to the under-
standing of DNP mechanisms at the microscopic level.
An important information, potentially accessible through
experiments, is provided by the EPR spectrum under ir-
radiation, which reflects multiple properties of the sta-
tionary state of the spin system as a whole.
In absence of interactions, as discussed in Sec. III, the
EPR signal f(ω ' ωi) is proportional to the polarization
P iz of the i-th electron with a Zeeman gap ~ωi. The
effect of microwave irradiation is encoded in the time-
dependent Hamiltonian
HˆMW(t) = 2~ω1
∑
i
Sˆix cos(ωMWt) (1)
where ω1 is the intensity of the microwave field and ωMW
its frequency. Then, in the rotating-wave approxima-
tion, the electron polarization P iz is obtained in terms of
the solution PBlochz (ωi) of the celebrated Bloch equations,
which leads to
PBlochz (ω) =
(1 + T 22 (ω − ωMW)2)P0
1 + T 22 (ω − ωMW)2 + 2T1T2ω21
. (2)
Here, P0 = − tanhβ~ω/2 is the equilibrium polariza-
tion at the lattice temperature β−1 while T1 and T2 are
respectively the spin-lattice and the spin-spin relaxation
times. In practice, the polarization of the irradiated elec-
trons is saturated (i.e. PBlochz (ωMW) ≈ 0), while the non-
irradiated ones (|ω − ωMW|  ω1
√
T1/T2) remain highly
polarized PBlochz (ω) ≈ P0. This is the so-called hole burn-
ing of the EPR spectrum.
On the other hand, the description based on the
spin-temperature approach assumes that dipolar interac-
tions induces a quasi-equilibrium behavior in the driven
electron-spin system. The traditional approach due to
Provotorov [14] and Borghini [15] retains the quasi-
equilibrium behavior but neglects any role of dipolar in-
teraction in the EPR spectrum. In this non-interacting
limit, the EPR spectrum f(ω) is then proportional to the
electron polarization P iz = P
Borg
z (ωi), with
PBorgz (ω) = − tanh
(βs~(ω − ω0)
2
)
. (3)
This expression depends on two intensive parameters1:
the inverse spin-temperature βs, which can be very dif-
1 This approach is often presented in the literature employing,
ferent from the inverse lattice temperature β and the ef-
fective magnetic field ω0, which is usually close to ωMW.
The most counterintuitive feature of PBorgz (ω) is the
monotonic behavior with a change of sign for ω = ω0 so
that for a wide range of frequencies, the electron spins are
aligned parallel to the external magnetic field. Such an
electron-polarization inversion was indeed observed long-
time ago in the irradiated EPR spectrum of the Ce3+
ions in a CaWO4 crystal [16]. Recently, a set of experi-
ments have been performed at several temperatures and
microwave intensities [17–19], but none of them observed
this characteristic inversion. This fact has been used as
an evidence invalidating the spin-temperature descrip-
tion, even at low-temperature, where dissolution DNP is
efficiently employed. However, in this regime, an anoma-
lously large hole burning is observed: the EPR spec-
trum displays an important depolarization throughout
its full width, which is inconsistent with the behavior of
PBlochz (ω). To account for these experimental results, the
authors of Ref. [19] introduced a system of rate-equations
for the electron polarization. This model contains a phe-
nomenological term describing the flip-flop transition be-
tween pair of electron spins resonating at different fre-
quencies. Such a term is supposed to describe the elec-
tron spectral diffusion and the broadening of the hole
burning, but does not have a clear microscopic origin.
In this manuscript, we present an exact microscopic
calculation of the EPR spectrum f(ω) which goes be-
yond the non-interacting approximation f(ωi) ∝ P iz . For
low concentrations, the microwaves dig a narrow hole in
the EPR spectrum which is consistent with the simple
behavior of PBlochz (ω). Instead, for higher concentration,
a large reorganization of the spectrum is observed, which
we will show to perfectly agree with the spin-temperature
description of the interacting model. Nonetheless, the
EPR spectrum can be different from the non-interacting
Borghini limit in Eq. (3). In particular, for moderate
microwave intensity, the fingerprint of spin-temperature
is a broad depolarization, without any polarization in-
version, similar to the one observed in the recent low-
temperature experiments [19]. Only for strong microwave
irradiation, this reorganization displays the polarization
inversion predicted by Eq. (3). Note that our results are
obtained for the EPR spectrum without assuming any
macroscopic electron spectral diffusion.
The paper is organized as follows. In Sec. II we re-
view the model introduced in [20, 21] for the electron
spin system and provide the details for the numerical im-
plementation. In Sec. III, we derive an explicit formula
rather than the frequency ω0, the parameter α with the dimen-
sion of an inverse temperature conjugated to the Zeeman com-
ponent of the energy. It is related to our intensive parameter ω0
by
α =
βs(ωe − ω0)
ωe
3given in Eq. (23), for the EPR spectrum. Note that this
formula is exact, and does not reduce f(ω) to the individ-
ual electron polarizations P iz . The procedure to test the
validity of the spin-temperature concept and the com-
parison with numerical data are given in Sec. IV. In the
conclusion, we summarize our main result: the electron
spectral diffusion of the EPR spectrum is induced by the
dipolar interactions and can be described by our micro-
scopic model; moreover the presence of a strong electron
spectral diffusion is a signal of a quasi-equilibrium be-
havior in the driven stationary state. We also comment
on how the polarization performance is influenced by the
spatial arrangement of the radicals in samples used for
in vivo metabolic imaging.
FIG. 1: Cubic lattice representing the spatial arrangement of
the N = 12 electron spins. The lattice spacing is a = 0.1(C ·
Na)
−1/3 (for C = 1.5×10−3 M, a = 114 A˚, for C = 15×10−3
M, a = 54 A˚), with C the molar radical concentration and Na
the Avogadro number. Here periodic boundary condition are
implemented and the distance between two spins is defined as
the length of the shortest path so that each spin has 4 spins at
distance a, 5 spins at distance
√
2a, 2 spins at distance
√
3a.
TABLE I: Parameteres of the simulation: T1 and T2 are re-
spectively the longitudinal and transverse electron relaxation
times, ωe is the electron Larmor frequency, ∆ωe the electron
linewidth in absence of dipolar interaction and β−1 is the lat-
tice temperature.
T1 (s) T2 (s) ωe (GHz) ∆ωe (GHz) ωMW (GHz) β (K
−1)
1 10−6 93.9 0.108 93.8685 0.04
II. REVIEW OF THE MODEL AND
NUMERICAL PROCEDURE
We review the model introduced in [20], employed in
the description of the electron spins, under microwave
irradiation, We consider a collection of N electron spins
described by the Hamiltonian
HˆS =
N∑
i=1
~ (ωe + ∆i) Sˆiz + Hˆdip. (4)
The ∆i’s label the inhomogeneous field due to the g-
factor anisotropy. Here, we denote the spin 1/2 operator
on i-th electron with Sˆiα for α = x, y, z. For large mag-
netic fields, the dipolar interactions can be treated as a
perturbation of Zeeman energy in (4). This leads to the
secular approximation [2]
Hˆdip =
∑
i<j
Uij
[
4SˆizSˆ
j
z − (Sˆi+Sˆj− + Sˆi−Sˆj+)
]
(5)
where Uij = µ0~2γ2e (1 − 3 cos2 θij)/(16pi|rij |3), µ0 is the
vacuum magnetic permeability, γe is the electron gyro-
magnetic ratio and ~µ0γ2e/16pi is 81.7×2pi GHz A˚3. Here,
θij is the angle between the field (taken along z) and
rij , the vector connecting the i-th and the j-th spin.
[Sˆi+, Sˆ
i
−] = 2Sˆ
i
z, with Sˆ
i
± = Sˆ
i
x ± iSˆiy.
Concerning the microwaves in Eq. (1), we can assume
that ω1 is few tens of KHz, remaining therefore much
weaker than the other terms in the Hamiltonian. Thus
at frequency ωMW in the rotating frame
ρrot ≡ eıSˆzωMWtρe−ıSˆzωMWt (6)
where ρ is the density matrix of the electron spin sys-
tem in the laboratory frame and ρrot is the one in the
rotating frame. Then, in the evolution equation for ρrot,
one can neglect the fast oscillating terms induced by mi-
crowaves and restrict to the dominant one which is time-
independent. We arrive at the Liouville equation
d
dt
ρrot = − ı
~
[Hˆrot, ρrot] (7)
where the Hamiltonian, including the microwave irradia-
tion, in the rotating frame takes then the form
Hrot = HˆS − ~ωMW
∑
i
Sˆiz + ~ω1
∑
i
Sˆix (8)
A. The master equation in the Hilbert
approximation
The Liouville equation introduced in Eq. (7) has to be
modified in order to take into account the spin-lattice re-
laxation mechanisms. The resulting dynamics describe
the evolution of N electron spins and involves a linear
system with 4N components. This strongly limits the ac-
cessible system sizes. An important simplification occurs
in our case, as the spin-spin relaxation times (T2) are
much faster than the spin-lattice ones (T1). Using the
approach derived in [13, 20, 22, 23], the time-evolution
of the spins, in the so-called Hilbert approximation, re-
duces to the evolution of diagonal elements of the ρrot
in the basis of eigenstates |n〉 of HˆS . We obtain then a
classical master equation for the probability pn ≡ ρrotnn of
occupying the eigenstate |n〉 (i.e. HˆS |n〉 = n |n〉):
dpn
dt
=
∑
n′ 6=n
Wn′→npn′ −Wn→n′pn . (9)
4The transition rate between the pair of eigenstates
|n〉 , |n′〉 has the form Wn,n′ = W lattn,n′ +WMWn,n′ , with
W lattn,n′ =
2hβ(∆n,n′)
T1
N∑
j=1
∑
α=x,y,z
| 〈n| Sˆjα |n′〉 |2 , (10)
WMWn,n′ =
4ω21T2| 〈n|
∑N
j=1 Sˆ
j
x |n′〉 |2
1 + T 22 (|n − n′ |/~− ωMW)2
. (11)
Eq. (10) contains spin-flips induced by spin-lattice re-
laxation mechanism on a time scale T1 and the function
hβ(x) = e
βx/(1 + eβx) assures the detailed balance and
convergence to Gibbs equilibrium at the lattice temper-
ature β−1. Eq. (11) encodes the effect of microwaves,
which, as expected, are particularly effective for transi-
tions under the resonance condition: n − n′ ' ~ωMW.
The time-scale T2 is identified with the electron trans-
verse relaxation time, while the time-scale T1 with the
electron spin-lattice relaxation time.
B. Numerical implementation
The stationary state of Eq. (9) is obtained numerically
for a system of N = 12 electron spins. In the experi-
mental practice, the radical molecules are dissolved in a
frozen amorphous mixture [24] as a substantial decrease
of the polarization is observed in samples prepared in a
crystalline phase. Here, for simplicity, we disposed, in
our simulations, the electron spins on the cubic lattice,
as shown in Fig.1. We postpone the discussion about the
importance of the spatial arrangement of the radicals.
The inhomogeneous magnetic fields, ∆i, are derived
from the gaussian distribution centered at ωe and with
standard deviation ∆ωe. We diagonalize the hamilto-
nian HˆS and compute the 2
N eigenstates |n〉 of energy
n and total electron magnetization sz,n = 〈n| Sˆz |n〉 with
Sˆz =
∑
i Sˆ
i
z. Then, the rates in (10, 11) can be computed
using the matrix elements between each pair of eigen-
states and the parameters in Table I. This set of param-
eters is chosen to represent a pyruvic acid sample doped
with trityl radical at the temperature β−1 = 1.2 K and an
external magnetic field of 3.35 T. These conditions have
been studied experimentally in great detail [25–27] and
represent a good test for our theoretical model because
of clear evidences of thermal mixing in nuclear polariza-
tions.
The occupation probabilities in the stationary state
pstatn are finally obtained setting dpn/dt = 0 Eq. (9) and
solving the resulting linear system. This procedure is
repeated over many realizations of the inhomogeneous
fields. The EPR spectrum presented in this work are
averaged over ∼ 600 realizations (see below for the details
of the averaging).
III. EXACT EPR SPECTRUM FORMULA IN
PRESENCE OF INTERACTION
In this section, we derive an exact expression for the
EPR spectrum in presence of dipolar interactions be-
tween the electron spins. In a pulsed EPR experiment,
one applies a pi/2 pulse, which flips the longitudinal mag-
netization along z in the xy plane. For simplicity, we
assume that the final magnetization is along the y-axis:
Uˆpi/2Sˆ
i
zUˆ−pi/2 = Sˆ
i
y, where Uˆθ = e
iθSˆx is a rotation of
angle θ around the x-axis and Sˆx =
∑
i Sˆ
i
x. Thus, such a
pulse induces an abrupt change for the density matrix ρ
ρ −→ ρpi/2 ≡ Uˆpi/2ρUˆ−pi/2, (12)
where the subscript pi/2 indicates quantities computed
after the pulse. One can easily check that the original
longitudinal magnetization of the spin i is flipped along
the y-axis:
P iz = 2 Tr[Sˆ
i
zρ] −→ P iy,pi/2, (13)
where P iα,pi/2 = 2 Tr[Sˆ
i
αρpi/2] is the polarization in the α-
axis, defined as the magnetization along α and normal-
ized between −1 and 1. The polarization in the xy-plane
is usually dubbed “coherence” and is a property of the
system detected in a magnetic resonance experiment. Af-
ter the pulse, the polarization of the spin i in the xy-plane
rotates at the Zeeman frequency ωi = ωe+∆i. Moreover,
a spin-spin dephasing is induced by dipolar interactions
with the other electron spins. This can be modeled as an
effective exponential decay of the longitudinal polariza-
tion with a characteristic time T2:[
P ix,pi/2(τ)
P iy,pi/2(τ)
]
=
[
− sin(ωiτ)
cos(ωiτ)
]
P iz(τ = 0)e
−τ/T2 . (14)
Then, in this effective non-interacting picture, one can
obtain the contribution of the i-th spin to the EPR spec-
trum as
fi(ω) = Re
[∫ ∞
0
dt
pi
gi(τ)e
−iωτ
]
=
T2P
i
z/pi
T 22 (ω − ωi)2 + 1
,
(15)
where we introduce the function
gi(τ) ≡ P iy,pi/2(τ)− ıP ix,pi/2(τ) (16)
and used that, before the pulse (τ < 0), the magnetiza-
tion in the xy-plane vanishes.
In this manuscript, we treat explicitly the effect of
dipolar interactions between spins and the parameter T2
only accounts for the microwave strength, as given in
Eq. (11). In particular, at time much shorter than T1,
the time evolution is simply governed by the quantum
Hamiltonian HˆS in (4). Then, the polarization of the
spin i takes the form
P iα,pi/2(τ) = 2 Tr[Sˆ
i
α(τ)ρpi/2] (17)
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FIG. 2: Numerical EPR spectrum (from exact diagonalization of the density matrix) f(ω) under MW irradiation for the two
radical concentrations of 1.5 mM (left) and 15 mM (right) as obtained from Eq. (23) with pn = p
stat
n . Several MW intensities are
considered, from the bottom to the top: ω1 = 0 GHz,ω1 = 0.625× 10−5 GHz, ω1 = 0.125× 10−4 GHz, ω1 = 0.25× 10−4 GHz.
Low concentration: the irradiated profile displays a hole burning shape; no inversion of the polarization is observed. Large
concentration:even in presence of weak irradiation, the EPR profile entirely reorganizes but it shows the striking inversion of
the polarization only at high MW intensity.
93.7 93.8 93.9 94.0 94.1
-2.5
-2.0
-1.5
-1.0
-0.5
0.0
0.5
Frequency(GHz)
E
P
R
sp
ec
tru
m
(a.u.
)
93.7 93.8 93.9 94.0 94.1
-2.5
-2.0
-1.5
-1.0
-0.5
0.0
Frequency(GHz)
E
P
R
sp
ec
tru
m
(a.u.
)
FIG. 3: Comparison between the numerical EPR spectrum with pn = p
stat
n (continous line) with the one obtained through
the spin-temperature approach pn = p
ans
n in Eq. (25) (dashed line) at high concentration C= 15 mM. Left: MW intensity
ω1 = 0.25× 10−4 GHz. Right: ω1 = 0.125× 10−4 GHz. We observe a perfect agreement between the two curves in both cases,
even in absence of polarization inversion (right).
where we chose the Heisenberg picture for the time-
evolution, i.e. Sˆiα(τ) = e
ıHˆSτ Sˆiαe
−ıHˆSτ . Therefore, the
function gi(τ) introduced in Eq. (16) can be rewritten as
gi(τ) = −2ıTr[Sˆi+(τ)ρpi/2] . (18)
We now note that eıpiSˆ
i
x/2 = 2−1/2(1 + 2iSˆix) and arrive
at
gi(τ) = Tr[Sˆ
i
+(τ)Sˆ
i
−(0)ρ]− Tr[Sˆi−(0)Sˆi+(τ)ρ] . (19)
which shows the function gi(τ) is nothing else but the
spin-spin time-correlation function. To derive this last
equation, we used [Sˆz, HˆS ] = 0, since only the terms
conserving the total magnetization should be retained.
Since dephasing is fast, we can safely assume that the
stationary density matrix before the pulse pi/2 was diag-
onal in the basis of eigenstates of HˆS [20, 22]:
ρ =
∑
n
pn |n〉 〈n| . (20)
Using this fact, we rewrite Eq. (19) as
gi(τ) =
∑
n,m
(pn − pm)eıτ(En−Em)| 〈n| Sˆi+ |m〉 |2 . (21)
The EPR spectrum in Eq. (15) generalizes to
f(ω) =
1
N
∑
i
Re
[∫ ∞
0
dt
pi
gi(τ)e
−iωτ−ητ
]
. (22)
where we introduced a small cutoff η > 0 to obtain a
smooth spectrum and we averaged over the ensemble of
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FIG. 4: Comparison between the numerical EPR spectrum
with pn = p
stat
n (continous line) with the one obtained from the
spin-temperature approach pn = p
ans
n (dashed line) in Eq. (25)
for low concentration 1.5 mM and ω1 = 0.625×10−5. We ob-
serve that the spin-temperature approach resembles the non-
irradiated spectrum shown in Fig. 2 and fails to reproduce the
hole-burning shape which characterizes the stationary distri-
bution.
spins. Employing Eq. (21), we arrive to the final expres-
sion
f(ω) =
η
Npi
∑
n,m
(pn − pm)
∑
i | 〈n|Si+ |m〉 |2
(ω − (n − m))2 + η2 (23)
The cutoff η takes care of the finite-size effects: if η → 0,
for a finite N , the function f(ω) is the sum of a set of dis-
crete δ-peaks in correspondence of the values ω = n−m;
however, the number of these peaks grows exponentially
in N and leads to a smooth distribution f(ω) when
N → ∞. In practice, in our data, we took η → 0,
but we integrated f(ω) on a small interval of width
δω = ∆ωe/150: f˜(ω) =
1
δω
∫ ω+δω
ω
f(ω). This final quan-
tity f˜(ω) is then averaged over different realizations of
the fields ∆i. For simplicity we will drop the tilde in the
following.
In the non-interacting case, the expression in Eq. (23)
would simplify to f(ω) = 1N
∑
i P
i
z δ(ω − ωi), which
explicitly relates the electron polarizations to the EPR
spectrum. Note that, while in the interacting case, f(ω)
is not directly connected to the electron polarizations P iz ,
the area below f(ω) remains equal to the total polariza-
tion along z: ∫ ∞
−∞
dωf(ω) = 2 Tr[Sˆzρ] (24)
IV. RESULTS
We considered two different radical concentrations:
C = 15 mM and C = 1.5 mM, the former corresponding
to a typical radical concentration used in DNP experi-
ments, while the latter to a low radical concentration,
which does not allow to reach sizeable nuclear polariza-
tion levels. In Fig. 2, we compare the response of the
two cases for several intensities of the microwave irradia-
tion. The EPR spectra are obtained inserting pn = p
stat
n ,
obtained as explained in Sec. II B, in Eq. (23). In ab-
sence of microwaves, the spectra, for the two radical
concentrations, are very similar and the broadening in-
duced by the dipolar interaction is weak. Turning on
the microwaves, the two spectra appear very different:
in the low-concentration sample, a hole burning modifies
the spectrum around the microwave frequency ωMW. In-
creasing the intensity of the microwave irradiation, such
an effect becomes broader and deeper. On the contrary,
in the case of high-concentration, microwaves affect the
whole EPR spectrum even at very low intensity. In par-
ticular, for strong irradiation, the spectrum shows an in-
version of polarization with respect to the equilibrium
signal. This inversion is the main manifestation of the
spin-temperature according to the toy model of Borgh-
ini [2, 15]. Nevertheless, it remains as an open question
whether in these systems, the spin-temperature could any-
how be an effective description. This point is addressed in
the next subsection, where we discuss a general method
to test the validity of the spin-temperature approach [21].
A. The spin-temperature approach
From our numerical simulation, we have the possibil-
ity to perform an explicit check of the validity of the
spin-temperature description. According to the spin-
temperature hypothesis, one assumes that
pstatn ∼ pansn ≡
e−βs(n−ω0sz,n)
Z (25)
which depends on two intensive parameters: the inverse
spin-temperature βs and the effective magnetic field ω0.
The normalization Z is chosen to enforce ∑n pstatn = 1.
These two quantities can be fixed imposing that the sta-
tionary state described by (25) has the same total energy
and total magnetization of the true stationary state, lead-
ing to the two equations:
〈HˆS〉 =
∑
n
pstatn n =
∑
n
pansn n , (26a)
〈Sˆz〉 =
∑
n
pstatn sz,n =
∑
n
pansn sz,n . (26b)
For large system sizes, we expect that the values of these
two parameters do not fluctuate between different real-
izations. However, for N = 12, we decided to solve these
two equations for every single realization, thus comput-
ing βs and ω0 in each case. Finally, the EPR spectrum in
the spin-temperature approach, is computed again using
Eq. (23) but replacing pn with p
ans
n . In Fig. 3, we show
the comparison between the real EPR spectrum and the
7one obtained with the spin-temperature hypothesis for
the sample at 15 mM and different microwave intensities.
In both cases, there is a clear agreement demonstrating
the validity of the spin-temperature approach for radi-
cal concentrations typically used in DNP protocols. It is
important to notice that the inversion appears only for
the strongest microwave irradiation. Finally, in Fig. 4 we
considered the spin-temperature approach for the low-
concentration sample. In this case, the spin-temperature
approach fails to reproduce the hole burning in the spec-
trum and instead, as the absorbed irradiation gets redis-
tributed among the full system, the final result closely
resemble the non-irradiated spectrum of Fig. 2 right.
B. The non-interacting case
For the sake of completeness, we now discuss the ex-
treme limit of vanishing dipolar interactions. In this case,
the stationary value of the total energy and total magne-
tization can be easily computed in terms of the electron
polarizations
〈HˆS〉 = 1
2
∑
i
ωiP
i
z , (27a)
〈Sˆz〉 = 1
2
∑
i
P iz . (27b)
The exact value of the electron polarizations in the sta-
tionary state is provided by the solution of Bloch equa-
tion introduced in Eq. (2), with P iz = P
Bloch
z (ωi)
Instead, the spin-temperature approach in (25) reduces
to assuming Pz(ω) = P
ans
z (ω) ≡ tanh(βs(ω − ω0)/2).
Then, the parameters βs and ω0 are obtained from
Eqs. (27). This approach permits us to achieve much
larger system sizes. For instance, the results at N = 105
are shown in Fig. 5, where we plot the stationary polar-
izations versus the resonance frequency ωi = ωe+∆i. As
explained at the end of Sec. III, this is easily connected
to the EPR spectrum.
As expected, the two curves show radically different
behaviors. It is interesting to observe that the spin-
temperature curve presents the polarization inversion of
Eq. (3) but exhibits a shift of the point ω0 where it crosses
the horizontal axis with respect to ωMW. This effect,
together with the small sizes accessible in the numeri-
cal simulation of the interacting case, explains why the
polarization inversion does not clearly appear in Fig. 4,
where the dipolar interactions are so weak that one would
expect the simplified Borghini model of Eq. (3) to hold.
V. CONCLUSIONS
Comparison with experiments. — In Ref. [19], the
authors study experimentally the EPR spectrum under
microwave irradiation for pyruvic acid doped with TEM-
POL or trityl radicals. At high temperature ( & 10 K),
FIG. 5: Comparison between the electron polarizations as
predicted by the Bloch equations P ie = P
Bloch
e given in Eq. (2)
(which corresponds to the exact stationary state in absence
of dipolar interactions; solid line) with the one obtained
within the spin-temperature apporach P ie = tanh(βs(ωi −
ω0)/2)(dashed line). Both curves are obtained analytically
for a large spin system N = 105 with ω1 = 0.625× 10−5. As
for Fig. 4, the two curves show different behaviors.
the shape of the EPR spectrum is well described in terms
of hole-burning and few-body processes involving protons
and 13C nuclei (cross effect, solid effect). At low tem-
perature (= 2.7 K), the EPR spectrum shows a broad
depolarization which is explained phenomenologically by
including an electron spectral diffusion term. What is
the microscopic origin of such a term?
In this work, we computed by exact diagonalization
the stationary EPR spectrum of 12 spins in presence of
dipolar interaction and standard DNP conditions. Un-
der the hypothesis of slow spin-relaxation time T1, which
holds only at sufficiently low temperatures, we show that
for the concentrations used in the experiment, the EPR
spectrum displays a broad depolarization similar to the
one observed in [19]. Let us stress that in our ap-
proach, no phenomenological term was added and there-
fore the presence of electron spectral diffusion can be
directly put in relation with dipolar interactions. More-
over, the EPR spectra that we obtained are equivalent
to the one that would be measured at equilibrium but
at an inverse temperature βs and an effective magnetic
field ωe − ω0, as shown in Fig. 3. Such a picture breaks
down at lower concentrations in agreement with the local-
ization/delocalization picture introduced in [20] and the
EPR spectrum is well described by a non-interacting hole
burning. We remark that for simplicity, we restricted to a
minimal set of parameters, which are nevertheless enough
to describe qualitatively the results of Ref. [19]; in par-
ticular, we kept the parameters T1 and T2 independent
of the radical concentration, while it is known that they
should become longer at low concentrations. In order to
perform an explicit comparison, one would need to take
into account these specific details, including the exact
shape of the non-irradiated EPR spectrum.
8As discussed in theoretical works [20, 21], the transi-
tion separating hole burning and spin-temperature sce-
narios can be identified with a many-body localization,
recently identified in the context of quantum thermal-
ization [28–31]. Thanks to the analysis presented here,
we suggest that the EPR spectrum can be an additional
and important tool to detect and investigate this tran-
sition in DNP protocols. We are confident that this is
an intriguing possibility that can pave the way for forth-
coming experiments aiming at clarifying the microscopic
mechanisms underlying DNP.
Role of glassiness in DNP protocols. — Our results
are also relevant for DNP applications, as our simulations
show important hyperpolarization for radicals arranged
in a regular cubic lattice. This suggests that high level of
hyperpolarization can be obtained even in presence of a
perfect spatial regularity in the radicals positions. Nev-
ertheless, it is a well established experimental fact, that
a sizable nuclear polarization is in practice only achieved
for amorphous compounds. How to conciliate these two
apparently contradictory observations? Our conclusion is
that the success of hyperpolarization is actually granted
by a sufficiently homogeneous distribution of the radical
in the sample, no matter if regular or random. However,
in polycrystalline samples, it is well known that radical
spins are forced to accumulate at the boundaries between
different crystalline grains, as already suggested by NMR
measurements reported in Ref. [24]. Inside these bound-
ary regions, an anomalously high radical concentration is
responsible for a suppression of hyperpolarization as con-
firmed by experimentally [25] and theoretically [12, 20].
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